In this paper the determination of the spacewise dependent material property coefficients and the function solution in both steady and unsteady diffusion problems are analysed. For a one-dimensional quasi-heterogeneous material with square-root harmonic conductivity it is shown that a single measurement of the conductivity and the flux on the boundary is sufficient to determine uniquely the unknown physical property and the function solution.
Introduction
The determination of the properties of materials subject to diffusion experiments is a special case of a general class of mathematical inverse problems called distributed {identification) parameter system problems; see (Ray, 1978) , and has been studied both theoretically and numerically for special cases of dependencies of the properties with respect to time, space and function solution.
For a one-dimensional finite slab material of dimensional length L = 1, the identification diffusion problem, in a general form, requires the determination of the triplet solution (C, it, 7) belonging to some regular special spaces of functions, of the following system: 
C(x, t, 7)^(x, ') =^ (*(*> t, T)^(x, t)), (x, t) E (

C{x, t, T(x, 0) = C{x, t), (x, t) e K o , k{x, t, T(x, t)) = k(x, t)
, (x, 0 e *i,
where
T(x, t) is the unknown function solution, C(x, t, T(x, t)) and k(x, t, T(x, t))
represent the unknown material properties, for example, specific storage and hydraulic conductivity (porous medium), or heat capacity and thermal conductivity (heat conduction), which are (physically) strictly positive functions, a,, b,, R t (t) , T t {t), q,{t), C{x, t), k(x, t) are known quantities and the sets 0 £ /" J, c (0, oo) and 0 £ K, g [0,1] x (0, °°) denote the locations of the additional measurements, for / E {0,1}. The corresponding one-dimensional steadystate (elliptic) case can easily be formulated by assuming that there is no dependence of the functions involved on the time variable in which situation the left-hand side of (1) vanishes, the initial condition (2) is not imposed and the 7, and /, become finite sets with at most one element, for i e {0,1}. Many papers, both theoretical and numerical, exist in which various special cases of the problem (1) to (6) are considered, but as yet the two-dimensional case is still to be explored theoretically. In some cases the diffusivity (hydraulic, thermal, etc.) , of the material, namely
is assumed to be known. Theoretically, the following cases: (i) k, C = constant with d to be identified, that is, the homogeneous case;
(ii) C = constant with k = k(t) to be identified, that is, the conductivity is time-dependent; (iii) k = k(T) to be identified in the steady-state case, that is, the nonlinear steady-state case;
to be identified when d is a constant, that is, the quasi-linear case; have been investigated by Cannon (1964) , , Cannon (1967) and Cannon and Duchateau (1973) , respectively.
Numerically, the following cases: (i) k and C = constants to be identified; (ii) C = constant with k = k(t) to be identified; (iii) k = k(x) and C = C(x) = linear functions of x to be identified; (iv) C = constant with k = k(x) = piecewise constant function to be identified; (v) k = k(T) = piecewise quadratic function to be identified in the steady-state case; (vi) k = k{T) and C = C(T) = linear functions of T to be identified; (vii) k = k(T) and C = C{T) = quadratic functions of T to be identified; (viii) k = k(T) and C = C(T) to be identified when d is a constant; (ix) k = k(T) and C = C(T) = general functions of T to be identified; have been investigated by Carrera and Neuman (1986a) , Douglas and Jones (1962) , Huang and Ozisik (1990) , Carrera and Neuman (1986b) , Ingham and Yuan (1993) , Huang and Ozisik (1991) , Milano and Scarpa (1990) , Lesnic et al. (1995) and Huang and Yan (1995) , respectively, and many others, emphasising the need of a future survey and review on the subject.
The purpose of this paper is to advance the theoretical analysis in dealing with the quasi-heterogeneous case, that is, C = C(x) and k = k(x) to be identified when d is constant, whilst a numerical analysis has been undertaken elsewhere; see (Lesnic et ai, 1996) . This provides insight into what data are required for the more general heterogeneous case when the diffusivity d is not constant. Both steady and unsteady-state cases are investigated and various types of boundary conditions are considered. In a first attempt, the mathematical analysis is based on a further assumption that the square root of the conductivity is a harmonic function, although the removal of this apparently strong mathematical hypothesis has already been undertaken numerically by El Harrouni (1994).
Mathematical formulation and analysis
One-dimensional steady-state case
Consider the problem of finding the pair solution
),
where T is the function solution (concentration, pressure or temperature), k is the unknown conductivity (diffusion, hydraulic or thermal), T o , T u q 0 and k 0 are known quantities and x 0 is either 0 or 1. The assumption (9) is commonly used in the permeability curve fitting profiles in porous media, hydraulics of rocks and soil mechanics literature; see (Shiftman & Gibson, 1964 , Gheorghita, 1969 , Bear, 1972 , Mahmoud & Deresiewicz, 1980 , Cheng, 1984 , etc.
THEOREM 1 (existence and uniqueness for Dirichlet boundary conditions) The problem (8) to (11) Moreover, the solution is given by
Proof. Integrating (9) and imposing the condition (11) yields (12) where a and b are constants to be determined such that f(x) > 0 for all x e [0,1]. Based on (13), integrating (8) and imposing the boundary conditions (10) and (11) (13) and thus, although the solution in T is a determined constant, the solution in A: is non-unique, and this is a contradiction.
Therefore, T o i* 7} and from (14) we have that a Reciprocally, assume that conditions (a) and (b) are satisfied. From (13) and (14) it follows that (15) Introducing (15) into (13) and (14) results in the unique solution, as given by (12), of the problem (8) to (11). Observation. Note that the specification of both boundary fluxes at x = 0 and x = 1 is redundant as, from the conservation of energy or integrating by parts, we automatically have^( \) = -q 0 .
From this it follows that the uniqueness result from Theorem 1 cannot be obtained if the Dirichlet boundary conditions (10) are replaced by Neumann flux boundary conditions. However, (16) where use has been made of (11) and (16) and condition (a). Then, from (18) it is readily seen that conditions (a) and (b) from Theorem 1 recast as conditions (b) and (c) of Corollary 1 and therefore the necessary and sufficient conditions for ensuring the existence of a unique solution for the problem (8), (9), (11) and (17) are provided. Moreover, the solution can be expressed analytically from (12) and (18).
One-dimensional unsteady-state case
Consider the problem of finding the pair solution (k(x), T(x, t)), k e C 2 ([0,1]), k >0 and T e (^([
O, 1] X [0, t f ]), such that er a / BT \ i (x) = 0, f(x) = [k(x)]l, x E (0, 1),(20)T(x, 0) = 0, x e [0, 1],(21)
ni,t)=T l (t), te[0,t,], T o (0)=T
where <y > 0 is an arbitrary but specified finite time of interest over which duration the diffusion process is taking place and t 0 e (0, t f ] is a prescribed instant at which a flux measurement is recorded. Proof. Integrating (20) and imposing (23) yields (13). Since (13) and (23) and condition (b) yield -b 2 (dT/dx)(0, t) = q o >O, we always have that 6*0. Using Gheorghita's transformation (see, for example, Cheng, 1984) ), namely
(19) and (21) to (23) transform into
Since T o , T, E C([0, jy]), in terms of the Dirichlet boundary conditions (27) and homogeneous initial condition (26), it is well known (see, for example (Cannon, 1984) ), that the solution of the problem (25) to (27) is given by (29) where (30) Here 0 is the theta function; it is a positive, continuous, even function in the space variable x and has all its partial derivatives continuous, K is the fundamental solution for the linear heat equation (25) and H is the Heaviside step function. Now, since 7^, T, e C\[0, t f ]) and 7 o (0) = 71(0) = 0, differentiating (29) with respect to x and integrating by parts (see also (Cannon, 1964) ), results in
(31) ox Jo
In (31), letting x\0 and t/*t 0 , and imposing condition (28) yields
The denominator in (32) (13) and (32) In order to do this we first consider the case x 0 = 0 and then inequality (a) holds and from (13) we have b = k\ Using (13) and (32) it can be seen that /(x) > 0 for all x E [0,1] provided that P + 7-0 (f 0 ) > 2 f n(T)0(O, / -T) dr.
Let us now evaluate an upper bound for the right-hand side of (33). Based on (30) we have (33) is valid and therefore the problem (19) to (23) possesses a unique solution (k(x), T(x, t) ). Moreover, this solution can be expressed analytically from (13), (29) and (32). Consider now the case x 0 = 1. The inequality (b) now holds and from (13) 
We study now the sign of the constant a, that is,
where M = min Ie [o >rQ ) T' 0 (t)^Q. From condition (b) it follows that the right-hand side of (40) is negative and therefore a =s 0, and since q 0 > 0, (37) has real roots. In addition, if a < 0, then (37) Proof. Under the transformation (24) and using (13), equations (42) and (43) become~(
Since RQ, R y e C([0, t f \), in terms of the Neumann boundary conditions (44) and the homogeneous initial condition (26), it is well known (see for example, (Canon, 1984) ), that the solution of the problem (25), (26) and (44) is given by (19) to (21), (42) and (43) possesses a unique solution which can be expresed analytically from (13) and (46) to (48).
Conduaons and future work
In this study, the identification of the spacewise dependent, square-root harmonic conductivity of quasi-heterogeneous materials subject to one-dimensional, both steady and unsteady, diffusion processes, from a single boundary measurement of the conductivity and the flux, has been investigated theoretically. For the steady and unsteady diffusion equations, necessary and sufficient conditions and sufficient conditions, respectively, for the existence and uniqueness of the solution, for both Dirichlet and Robin boundary conditions have been established. Moreover, analytical expressions for the solution can be derived from (12), (13), (18), (29), (32) and (46) to (48). Furthermore, based on these analytical expressions the stability of the solution and error estimates can readily be established.
Ongoing research is concerned with the numerical investigation of the two-dimensional, both steady and unsteady, spacewise identification situation, whilst the more difficult theoretical analysis in two dimensions is deferred for the present.
